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1 Introduction

In (Kanazawa, 1998) the learnability (in the
technical sense of identification in the limit, see
(Gold, 1967)) of some classes of combinatory
categorial grammars (see for example (Steed-
man, 1987), (Szabolcsi, 1987) and most re-
cently (Steedman, 2000)) was investigated. Us-
ing the notion of general combinatory grammar
it was shown that rigid grammars (to be defi-
ned in Section 3) are learnable, regardless of
the collection of combinators used. However,
the relation between collections of combinators
and finite elasticity, an important notion within
Golds paradigm, was left an open problem. This
work addresses these issues and gives some suf-
ficient conditions for finite elasticity in the form
of restrictions over combinatory rules.

2 Finite elasticity

In the literature on computational learning the-
ory various characterizations for identifiability
in the limit from positive data have been pro-
posed. One of them is based on the notion of
finite elasticity:

Definition 1 Finite and Infinite Elasticity
(Motoki et al., 1991)

A class L of languages is said to have infi-
nite elasticity if there exists an infinite sequence
(snineN of sentences and an infinite sequence
(Lp)nen of languages in L such that for all
n €N, s, & Ly, and {so,...,sp} C Lpy1. A
class L of languages is said to have finite elas-
ticity if it does not have infinite elasticity.

Finite elasticity is a pleasant property from
an ‘engineering’ standpoint, it is closed under
union of classes and is a sufficient condition for
learnability. See (Moriyama and Sato, 1993) for
details.
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It is a sufficient condition for effective learn-
ability under two conditions, characterized in
(Angluin, 1980):

Theorem 2 (Angluin)

Let (Q,8S,L) be a grammar system for which
universal membership is decidable, and let G be
an r.e. subset of Q0. Then G is learnable if and
only if there is a computable partial function
P: Q x N — S with the following properties:

1. For all n € N, ¥(G,n) is defined if and
only if G € G and L(G) # 0.
For all G € G, T¢ = {¥(G,n) |n € N}
is a finite subset of L(G), called a tell-tale
subset.
For all G,G' € G, if T¢c C L(G"), then
L(G") ¢ L(G).

Wright (Wright, 1989) used Angluin’s theo-
rem to prove the following:

2.

3.

Theorem 3 Let (2,S,L) and G be as defined
in Theorem 2. If L(G) has finite elasticity, then
G is learnable.

In (Kapur, 1991) a blueprint for an algorithm
is given that learns classes under these condi-
tions with consistent and conservative behavior.
That is, at all times will the proposed hypothe-
sis be consistent with all the data presented so
far, and hypotheses will only be changed when
the algorithm is forced to do so, by data it can-
not account for with its previous conjecture.

The following theorem is from (Kanazawa,
1998).2 Let ¥ and Y be two alphabets, a rela-
tion R C ¥* x T* is said to be finite-valued just

'n fact, in (Angluin, 1980) only the case were ) =
G is considered, but the result easily generalizes to the
present setting.

2This is in fact a generalization of a theorem from
(Wright, 1989), which states that finite elasticity is
closed under union.



if for every s € ¥*, there are at most finitely
many u € T* such that Rsu. If M is a lan-
guage over Y, define a language R~![M] over &
by R71M] = {s| Ju(RsuAu € M)}.

Theorem 4 Let M be a class of languages
over Y that has finite elasticity, and let R C
X* x T* be a finite-valued relation. Then L =
{R7YM]| M € M} also has finite elasticity.

3 Classical Categorial Grammar

The classes defined in (Kanazawa, 1998) are
based on a formalism for (e-free) context-free
languages called classical categorial grammar
(CG)3. In this section the relevant concepts of
CG will be defined, using notation from (Kana-
zawa, 1998).

In CG each symbol in the alphabet 3 gets
assigned a finite number of types. Types are
constructed from primitive types by the opera-
tors \ and /. We let Pr denote the (countably
infinite) set of primitive types, the set of types
Tp is defined as follows:

Definition 5 The set of types Tp is the small-
est set satisfying the following conditions:

1. Pr C Tp,
2. if A€ Tp and B € Tp, then A\B € Tp,
3. if A€ Tp and B € Tp, then B/A € Tp.

The intuition behind having two directional
slashes is that it allows one to code the syn-
tactic order of (for example) arguments of a
verb in a lexicalized grammar: a transitive verb,
which takes an NP to the left and an NP to the
right and yields a sentence, could be written as
NP\(S/NP).

One member ¢ of Pr is called the distinguished
type. In CG there are only two modes of type
combination, backward application, A, A\B =
B, and forward application, BJ/A,A = B. In
both cases, type A is an argument, the complex
type is a functor. Grammars consist of type
assignments to symbols, i.e. symbol— T', where
symbol € ¥, and T € Tp.

A grammar is said to be K-valued just if it
has at most k types assigned to any symbol in
3. In the special case k = 1 this property is
also known as rigid.

3This form of categorial grammar is also known as
AB grammar.
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Definition 6 A derivation of B  from
Aq,..., A, is a binary branching tree that
encodes a proof of Ay,..., A, = B.

Through the notion of derivation the asso-
ciation between grammar and language is de-
fined. All structures contained in some given
structure language correspond to a derivation
of type t based solely on the type assignments
contained in a given grammar. The string lan-
guage associated with G consists of the strings
corresponding to all the structures in its struc-
ture language, where the string corresponding
to some derivation consists just of the leaves of
that derivation.

The class of all categorial grammars is de-
noted CatG, the grammar system under discus-
sion is (CatG, XY, FL). The symbol FL is an ab-
breviation of functor-argument language, which
is a structure language for CG. Structures are
of the form symbol, fa(s1l,s2) or ba(sl,s2),
where symbol € Pr, fa stands for forward ap-
plication, ba for backward application and s1
and s2 are also structures.

4 Combinatory Categorial Grammar

The formalism Combinatory Categorial Gram-
mar (CCG), employs additional combinatory
rules in addition to the application rules of
CG. Our main motivation for studying CCG
is that this formalism is a (linguistically mo-
tivated) extension of the (weakly) context-free
formalism CG. Its expressive power is strictly
greater than that of CG: it was shown in (Vijay-
Shanker and Weir, 1990; Vijay-Shanker and
Weir, 1994) to be weakly equivalent to the
mildly context-sensitive formalism known as lin-
ear indexed grammar (LIG). Indexed grammar
was introduced in (Aho, 1968), see (Gazdar,
1988; Michaelis and Wartena, 1997; Michaelis
and Wartena, 1998) for a discussion of varia-
tions on the IG formalism and its relevance for
the study of natural language.

In (Kanazawa, 1998), learnability and elas-
ticity of subclasses of CatG was studied, it was
shown for example that the class FL.zq has
finite elasticity. Some subclasses of variations
on CG were shown to be learnable, amongst
others the rigid subclasses of the so-called S-
grammars, a notational variant of CCG. How-
ever, the question of finite elasticity was left
open, we will now address this issue.



4.1 Sufficient conditions over
combinatory rules for finite

elasticity

The following rules are commonly used in
CCG:

Forward Composition:

C/B,B/A= C/A

Backward Composition:

A\B,B\C = A\C

Forward Substitution:

(C/B)/JA,B/A= C/A

Backward Substitution:

A\B, A\(B\C) = A\C

A given grammar G interpreted under these
rules can be compiled into a grammar G’ inter-
preted under just (a generalized version of) the
application rules without affecting the functor
language. The naming function for this inter-
pretation will be written as FL_.

Let the regular slashes be labeled with fa
and ba (depending on their direction), and let
the introduced slashes be indexed with labels
for the rules they are compiled for. Combi-
natory rules are assumed to take the (binary)
form of either Functor, Argument = Result
or Argument, Functor = Result*, where
Argument is not a variable type, their corre-
sponding rewrite rules are
(Argument|...) — (n|...), (Functor|...) —
(Result/labem| .. .)5 or
(Argument|...) — (n|...), (Functor|...) —
(n\iapetResult)| .. ., respectively.

The combinatory rules mentioned above re-
sult in the following rewrite rules which can
be (recursively) applied to the types in a rigid
grammar G, yielding copies of these types. Ap-
plication terminates when none of these rules
can be applied anymore. Assigning these copies
to the same symbols as their originals were as-
signed to, combined with the assignments in G,
yields G’, which can be interpreted with just
application:®

4Conform The Principle of Consistency, see (Steed-
man, 2000, page 54).

"Here A|B denotes either A/B or B\A, and ... de-
notes the rest of the categorial type, which is assumed
to be identical on both sides of —. Let n denote some
freshly introduced (unique) primitive type.

5The operators \ and / are now shorthand for \, and
/ fa, Tespectively.
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Forward Composition: (

(B/A)]... e
(C/B)... — (C/A) ron)
Backward Composition:

(A\B)]... = onl...,

(B\C)| - = (n\ue(A\C))|
Forward Substitution: (

(B/A)]... = onl...,
(C/B)/A)... > (C/A)/gym...)
Backward Substitution:

(A\B)]... =l
(A\B\C))!... = (A

Definition 7 The degree of type A is:

degree(A) = 0,if A€ Pr,
degree(A/B) = 1+ degree(A) + degree(B),
degree(B\A) = 1+ degree(A) + degree(B).

Let application degree be defined as above,
restricted to slashes with index fa or ba and
other slashes not counted.

Definition 8 A conservative combinatory rule
(CCR) is a combinatory rule in which the re-
sulting type has a degree that is lower than the
degree of the functor type and does not introduce
new variable types.

A conservative tuple of rewrite rules (CTRR)
is a tuple of rewrite rules corresponding to a
conservative combinatory rule.

Note that our restrictions disallow the two
versions of composition.

The first rule in a CTRR rewrites the argu-
ment type, its result type is always of lower de-
gree than the argument type. The result type of
the second rule in a CTRR has an application
degree that is lower than the application degree
of the functor type: an extra slash in the result
type is never labeled with fa or ba, thus this
slash does not add to the application degree of
this type. We will slightly abuse notation and
let ctrr[G] denote the grammar obtained by ap-
plying some CTRRs to grammar G. Then the
following should be obvious:

Proposition 9 For any finite grammar G,
G' = ctrr[G] is finite.



Proof (sketch): Let R be the set of CTRRs
corresponding to a given set of CCRs. It is clear
that all rewrite rules in R can only be applied
a finite number of times to any grammar G,
since all types in G have a finite degree and
these rules reduce the degree of the types they
rewrite. Thus only a finite number of new types
can be assigned in G’, the rewritten version of
G interpreted under generalized application. [J

The following defines the relation dcom, and,
implicitly, structure language for CCG. Note
that the application labels are included in the
alphabet:

Definition 10 Let dcom: YT — ©F be the ho-
momorphism that maps each indexed applica-
tion label to a non-indexed application label:
dcom(c) = ¢,

forall c e %,

dcom(ba(label, S1,52)) =
ba(dcom(Si),dcom(S2)),

for all label, Sy, Sy € TF,

dcom(fa(label, S9, S1)) =

fa(dcom(S2), dcom(S1)),

for all label, So, 81 € YF.

The following proposition states that, under
the proper interpretation, ctrr[G] is strongly
equivalent to G:

Proposition 11 Let G be a grammar under the
set of CCRs R. Then FLr(G) = FL_(ctrr[G]),
where ctrr denotes application of the CTRRs
corresponding to R.

Lemma 12 Let G be a rigid grammar un-
der the set of CCRs R. Then there is a
k-valued grammar G" such that FL(G") =
dcom(FL_(ctrr[G])), where ctrr denotes appli-
cation of the CTRRs corresponding to R.

The value of k depends on both R and (the
degree of) the types in G (which is finite but not
bounded). Clearly dcom defines a finite-valued
relation.

Lemma 13 (Kanazawa, 1998) F Ly valuea has
finite elasticity.

Theorem 14 The class G of rigid CCGs inter-
preted under any set of CCRs has finite elastic-
1ty.
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Proof (sketch): Let R be the set of
CTRRs corresponding to a given set of CCRs.
By Lemma 12, these rewrite rules constitute
a finite-valued relation between FL,gq and
F L valued, Tor some constant k. Using The-
orem 4 and Lemma 13, it can be shown that
under any set of conservative combinatory rules
the class of rigid grammars has finite elasticity.
O

It follows directly that FLRg-valueds FRrigid
and FRp-valued, under CCRs, also have finite
elasticity.

Restricting grammar systems to CCRs seems
to severely limit their expressive power, it pre-
cludes Type-raising, for example. However,
Type-raising is used in CCG under the restric-
tion that the resulting range type is a paramet-
rically licensed category for the language. This
is assumed to restrict it to a finite set of cat-
egories (see (Steedman, 2000), page 44). Thus
the rules

Type-raising: A= T/(A\T)
A= (T/A\T

are actually shorthand for (finite) lists of rules
in which A and T are replaced by types that
only contain primitive types. Adding such lists
to a collection of CCRs obviously does not affect
finite elasticity.

What is not allowed by our restrictions are
rules of the form C/B,B/A = A/C, since type
A is moved from a domain to a range position,
so that the degree of the resulting type may
be higher than that of the argument or functor
type. This type of rule does not seem to be
linguistically plausible, so this does not really
pose a problem.

5 Concluding Remarks

In this paper work from (Kanazawa, 1998),
which applies Golds notion of identification in
the limit to subclasses of categorial grammars,
has been extended to show that the rich for-
malism of Combinatory Categorial Grammar
has natural subclasses that have the pleasant
property of finite elasticity. This implies that
there exist algorithms that learn these classes
while conforming to consistency and conserva-
tivity constraints on their behavior prior to con-
vergence. It also implies that union with other



classes with finite elasticity yields classes with
the same property.
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